In this paper, a conforming polygonal finite element method is applied to problems in linear elasticity. Meshfree natural neighbor (Laplace) shape functions are used to construct conforming interpolating functions on any convex polygon. This provides greater flexibility to solve partial differential equations on complicated geometries. Closed-form expressions for Laplace shape functions on pentagonal, hexagonal, heptagonal, and octagonal reference elements are derived. Numerical examples are presented to demonstrate the accuracy of the method in two-dimensional elastostatics.
Introduction
The finite element method is a powerful numerical tool for solving partial differential equations of mathematical physics. The use of triangular and quadrilateral elements are well-established in conventional finite element methods. However, there is significant bottleneck in generating quality meshes using three-and four-sided elements for complex geometries. The use of elements with a large number of sides will provide greater flexibility and better accuracy to solve problems that arise in solid mechanics and biomechanics. Since material microstructure in polycrystalline alloys and piezoelectrics, and bone can be described through polygonal sub-domains, the use of polygonal finite elements in such applications is a natural choice. Wachspress [Wachspress (1975) ] proposed the construction of basis functions on convex polygons (n-gons) with any number of sides. Wachspress's rational basis functions are defined as polynomials of n − 2 divided by polynomials of n − 3. Recently, significant advances have been achieved in the construction of barycentric coordinates on irregular polygons [Meyer et al. (2002) ; Dasgupta (2003) ; Floater (2003) ; Malsch and Dasgupta (2004) ; Sukumar and Tabarraei (2004) ]. A simplified expression for Wachspress basis functions is presented by Meyer et al. [2002] , and Floater [2003] derived barycentric coordinates in which a vertex in a planar triangulation is expressed as a convex combination of its neighboring vertices. In Sukumar and Tabarraei [2004] , natural neighbor (Laplace) interpolation [Christ et al. (1982) ] is used to construct C 0 (Ω) shape functions on polygonal elements and this procedure has been used for h-adaptive refinement on quadtree meshes [Tabarraei and Sukumar (2005) ]. The construction of polygonal approximants using the principle of maximum entropy is described in Sukumar [2004] .
In this paper, Laplace interpolants are constructed on reference polygonal elements, and through an isoparametric map, shape functions on physical elements are constructed. As shown in Sukumar et al. [2001] , Laplace interpolants are linear on element boundaries and can exactly reproduce constant and linear fields. This permits the direct imposition of essential boundary conditions in polygonal finite elements [Sukumar and Tabarraei (2004) ]. The outline of this paper is as follows. The construction of Laplace interpolant on irregular convex polygons is presented in Section 2. The model problem is described in Section 3, and numerical examples (patch test, beam bending, edge crack) are presented in Section 4. Finally, some concluding remarks are mentioned in Section 5.
Conforming Polygonal Shape Functions
In this section, we review the construction of conforming interpolants on irregular polygons. The interested reader can see Sukumar and Tabarraei [2004] for a detailed description of the method. Consider a domain Ω that is discretized by a set of nodes. If a point p is inserted inside the domain, the Voronoi cell of point p is the locus of all points that are closer to p than to any other node inside the domain. The Delaunay tessellation can be obtained by connecting those nodes that have a common edge. The Voronoi cells, Delaunay triangles and Delaunay circumcircles are shown in Fig. 1 . If the point p lies inside the circumcircle of a Delaunay triangulation, all those nodes that form the Delaunay triangle are considered as the natural neighbors of point p [Sibson (1980) ]. For example in Fig. 1b , nodes 1, 2, 5 and 6 are natural neighbors of p.
As in classical finite elements, to construct an interpolant on the physical element, first the interpolant is defined on a reference element. Polygonal reference elements (pentagon, hexagon, heptagon, and octagon) in the ξ-coordinate system are depicted in Fig. 2 . From Fig. 2 , we observe that all vertex nodes lie on the circumcircle of the reference element. This property ensures that all the nodes of the reference element are natural neighbors of any point within the polygon. Referring to Fig. 3 , the Laplace shape functions at point p are defined as
where α i (ξ) is the Laplace weight function, s i (ξ) is the length of the common edge between Voronoi cell of point p and node i, and h i (ξ) is the Euclidean distance between point p and node i. The Laplace shape functions satisfy the following properties [Christ et al. (1982) ]:
(1) Non-negative, interpolate, and form a partition of unity:
where δ ij is the Kronecker-delta. (2) Linear completeness [Hughes (1987) ]:
which in conjunction with Eq. (2) implies that the Laplace interpolant can exactly reproduce arbitrary constant and linear functions.
To obtain the polygonal shape functions and their derivatives on the physical element, we use the isoparametric transformation given in Eq. (3). Since the Laplace interpolant is linear on any edge of the reference element (only two shape functions are non-zero), the isoparametric mapping preserves this property on the physical element, which leads to C 0 (Ω) conformity of the interpolant (Fig. 4) . It was shown in Sukumar et al. [2001] that Laplace shape functions are identical to barycentric (area coordinates) shape functions on the triangle and to bilinear finite element shape functions on the bi-unit square. Hence, the extension of existing finite element programs to polygonal finite element codes is straightforward.
The Laplace interpolant reproduces Wachspress interpolant on regular polygons, and the Laplace weight function, α i (ξ), at any point inside the reference element is given by [Sukumar and Tabarraei (2004) ]: functions on regular n-gons can be obtained by employing a symbolic program such as Mathematica TM . The shape functions for a regular pentagon, hexagon, heptagon, and octagon are presented in the Appendix.
Extension of numerical quadrature rules from triangular and quadrilateral elements to convex polygons with more than four edges is a non-trivial task. No general quadrature rule is available for the purpose of integrating functions (polynomial or rational) on polygonal domains. In this paper, the Gaussian quadrature rule for triangular elements is used to evaluate weak form integrals on polygonal elements. For the purpose of numerical integration, the polygonal reference element is partitioned into n isosceles sub-triangles. An affine map is used from the triangular reference element to the sub-triangle of the polygonal reference element to find the location of Gauss points inside the reference element. To find the location of the Gauss points in the physical element, the isoparametric map from the reference element to the physical element is used. The contributions from each sub-triangle are added up to obtain the integral value over the polygonal element. This procedure is illustrated in Fig. 6 and can be expressed as [Sukumar and Tabarraei (2004) ]
Governing Equations and Weak Form in Linear Elasticity
The equilibrium equation of linear elastostatics in the absence of body forces is:
with boundary conditions
where Γ = Γ t ∪ Γ u and Γ u ∩ Γ t = ∅. In Eq. (7), u is the displacement vector and σ is the stress tensor.
In the finite element method, displacements are approximated by where N i is the finite element shape function for node i and u i is the displacement at the ith node. The finite element approximation for the strain tensor is defined as
where B is the element strain-displacement operator. Using the constitutive law, the stress matrix can be defined as
where D is the constitutive matrix. The variational form (principle of virtual work) of the equilibrium equation is:
where δ denotes the variation operator, and H 1 0 (Ω) is the Sobolev space of functions with square-integrable derivatives up to order one and vanishing value on Γ u . On using a standard Galerkin procedure, we obtain the discrete equations:
For an isotropic material in plane stress condition, the stress-strain relationship is defined as
where ν is the Poisson's ratio and E is the Young's modulus. The constitutive equations of plane strain case can be obtained from plane stress equations by replacing
Numerical Results
We present four examples to assess the performance of the polygonal finite element method. For the purpose of error estimation and convergence studies, the L 2 norm and energy norm of the displacement error are employed. In our analyses, the L 2 norm and energy norm of the displacement error are defined as
where u and u h are the exact and numerical solutions, respectively. To perform numerical integration on n-gons with n > 4, the procedure described in Section 2 is employed with 25 Gauss points in each sub-triangle. On three-noded triangular elements, one point quadrature is adopted and on four-noded bilinear elements, 2 × 2 Gauss-Legendre quadrature rule is used.
Displacement patch test
First, the ability of polygonal finite elements to represent linear displacement fields is studied. The domain is the unit square and two different sets of boundary conditions are considered. For the first test, u = x 1 + x 2 is applied on the boundary of the domain; the second test is performed by applying u 1 = x 2 and u 2 = x 1 on the boundary of the domain. In Fig. 7 , three different meshes that are considered in this analysis are shown. The L 2 norm and energy norm of displacement error is shown in Table 1 , and the results reveal that the patch test is passed to O(10 −8 ) and O(10 −7 ) accuracy in L 2 and energy norm, respectively.
Equilibrium patch test
The ability to represent a uniaxial plane stress field is verified by the equilibrium patch test. Consider a uniaxial stress σ = 1 psi (plane stress conditions are assumed) Relative error in Relative error in the L 2 norm the energy norm Meshes Number 3.04 × 10 −9
1.50 × 10 −7
1.14 × 10 in the x 2 -direction acting on the top edge of the unit square shown in (Fig. 8) . The displacement of the bottom edge is fixed in the x 2 direction. The essential boundary conditions are indicated in Fig. 8 . The exact displacement solution is [Sukumar et al. (1998) ]:
The meshes shown in Fig. 7 are considered in the analyses. The relative error in the L 2 norm and the energy norm are presented in Table 2 . Relative errors of O(10 −5 ) in L 2 norm and energy norm are obtained for this problem.
Cantilever beam
In Fig. 9 , a cantilever beam subjected to a parabolic end load is illustrated. The beam has length L, height D, and unit width. The top and bottom edges of the beam are traction free. The left edge is fixed in the x 1 and x 2 direction. The displacement vector solution is given by [Timoshenko and Goodier (1987) ] 
The stresses are given by
where I is the moment of inertia, which for a beam with rectangular cross-section and unit thickness is:
In the finite element computations, the following parameters are used: P = −1000 lb, D = 1 in., L = 8 in., E = 2 × 10 5 psi, ν = 0.3 and plane strain conditions are assumed. To compare the results, we use quadrilateral and polygonal meshes to solve the problems. The polygonal meshes are shown in Fig. 10 . The quadrilateral meshes are composed of 180 (30 × 6) and 1890 (105 × 18) elements. The exact end deflection u 2 (L, 0) = 9.430 in. In Tables 3 and 4 , the numerically computed end deflection is compared with that obtained from engineering beam theory. The numerical results using polygonal meshes are in good agreement with beam theory predictions. 
Stress intensity factor computations for an edge crack
Stress intensity factor (SIF) computations for an edge cracked specimen are presented. To compute the stress intensity factors, the domain form of the interaction integral is used [Yau et al. (1980) ; Moran and Shih (1987) ]. Two sets of boundary conditions are considered. As the first problem, a crack of length a in a semi-infinite elastic plate subjected to uniform loading is considered. The loading can be decom- Table 4 . Deflection of the cantilever beam using quadrilateral elements. posed into an opening (K I ) and a shearing mode (K II ). To calculate the stress intensity factors, a small region near the crack tip is considered. The exact near-tip displacement field is imposed on the boundary, with K I = 1 and K II = 1. To verify the domain independence of the computations, the SIFs are evaluated for three different contours. The contour interaction integral domains and the boundary conditions are shown in Fig. 11a , and polygonal discretization of the domains are shown in Fig. 11b and c. The problem parameters are: W = 7.0 in. and h = 8.0 in.. The numerical results of stress intensity factors are shown in Table 5 . The SIF results are domain independent and accurate. For the second problem, a finite-dimensional plate subjected to uniform tension on the top surface under plane stress is considered. The geometry and boundary conditions of the problem are shown in Fig. 12 .
Meshes Number of
The following parameter are chosen: W = 7.0 in. and h = 16.0 in.. Due to symmetry, half of the domain is analyzed. For the boundary conditions shown in Fig. 12 , the exact normalized stress intensity factor et al. (2000) ].
The polygonal meshes of Fig. 11 are used in this analysis, and the computed stress intensity factors are presented in Table 6 . The numerical results are within two percent of the reference solution.
Conclusions
In this paper, we reviewed the construction of Laplace shape functions on irregular convex polygons. We showed that the Laplace interpolant is a generalization of three-and four-noded element to convex polygons with any number of vertices. Due to the appealing properties of the Laplace interpolant, the extension of classical finite element codes to polygonal finite elements is simple and direct. Closed-form expressions for shape functions on pentagonal, hexagonal, heptagonal, and octag- onal reference elements were presented. In the numerical integration of the weak form, a higher-order Gaussian quadrature rule was used. The polygonal finite element method passed the displacement patch test to O(10 −8 ) in the L 2 norm and O(10 −7 ) in energy norm. Error in the L 2 norm and energy norm of O(10 −5 ) was obtained for the equilibrium patch test. Machine precision accuracy is not realized in the patch test computations due to the errors introduced in the numerical integration of the weak form integrals. Accurate numerical results for the cantilever beam and edge cracked plate problems were obtained.
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Appendix A. Appendices
Shape functions on regular convex n-gons are derived. The nodal coordinates of a regular n-gon are:
A.1. Pentagonal reference element (n = 5) 
